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Lot x be a Mmam differentiable manifold of clase 03
adnitting an aw complex stracture '’ defined by the temser field
38 o2 class

(1a1) | Ff‘ Pl wwal,

where the Latin mﬁim Dy 9 Jo By 1 @ run oy the range 192pesey
yB4Tgeess2n and A denotos the unit tonsore °

gince the eigenveluesse of the tensor ?f‘ satiofying (1.1) ave +1
and =i, the intreoduction of s tensor ?ik satisfying (1.1) is equivalent
te the introduction of two mmiually linesrly independent inear fieclds
Z3,%e complex conjugate to each other emd of compl ,

Ae Lichmerewioz [11,12] chowed that it is alwaye possidle %o give
an almoot-flernitian structure B3y, %o an alooot complox manifold x%n

(12) 3?;3 :s'*"z"@K B1x * By *

It we put

(1.3) Py = ?ik By v

then it is eanily veen that ﬁ‘m io anti-oymmetrdic in ite lower indices.
Ve oall slmoste-dlernitian spece & manifold vhich aduits an alwost

complex structure ﬁ';_“ and m alnost-Hermitian structure g, that is, a

positivo definite metrie ds® = gy, 451 a5 ™ sattsfying (1.1) and (1.2)s

1) The MW wf an almoct complex structure was introduced by Cs Mhrese
nonns See Lo mme, Co Fhroammnm (4,5]s The number between brackets
: iegraphy at the end of the paper.

2) As %0 the mwmm@* we £ollow Jeds Schouten [15].
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The ant x of the temsor P, and equation {1+2) chow that
the cporation » ¥ v changes o veotor v inte a vector orthegonal
t0 it and does not change i%s lemgth.

e now put

(1e8) Pgn =3 35 i3

then ﬁé”" is a met tonsor antiegymmetric in all its indices.

Demeting by V. the operation of covarisnt differentiation with
rospoet %0 the Christeffel symbole g’ig formed with Bype 90 OB write
{1+4) nloe in the form

{1&%) ?Jm‘m3€7[‘3 y%]t

In an slmost-flormitian space, when the Yensor Eji.h vaniches idone
ﬁmﬂ the opace 1o onlled on alnoot-Kihl nrm BPacts
It 4o wolleinown that

{1s6) ﬁ;f‘ .ﬁg 2 ?[311 0 1el ?;Jh - ai]?i&am Qe

The theorem cssentially eguivalent to this was etated by de Hham,
marne Frélicher [31, Caladi, Spemcer [1],
Cmagenhe dge [8Js The tensor 53*” was introduced by
Nijentmis [13] */ and the oguation of the form %M) wao given by Bolke
mann end Prélicher [31. |

Bqugtion {1.6) can be wvritten alse in the form

(1.7 R RCANES AR

L

¥

def ook Qe p e
(148) Bgan = T30 G = 27 (V3 F0p =V Fpp) o

I gulte x %o expect that Theorem f«1 may be true
for a temser P]* of olass C¥ ' in a epace of class ¢¥ where r Ao, but
we do not yot have the prool of this faot.

3) See ales Tohe Schouten 14 o

R
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In en almost-Hermitian (almost-KEhlerian) space of class ¢*, when
the Nijenmimis temsor N33® veniches identimlly, the space is called a
psendo~Hermitian (pseudo-KZhlerian) space. Following Theorem 1.1, &
poeudo~Hermitian (pesudo-Kfhlerian) space ¢f class C is Hermitian
(W@I’iﬂﬂ)o

The relations between these spaces may be seen in the-fellowing
diagrems

Almost complex N Almoet Hermitian Almost KEhlerian
structure gtructure >  gtructure
chn of elass C° with) 8, With 3 [ F4p=0
o el h . k
B Biv= = 4y T
P h Yyl
™ o * =0
A\
Pseudo~complex > Pseudo~Hermitian —— Almost Kihlerian
atructure structure structure
- &y With 0 5T im =0
elaelt
PP e gy,
<4 ‘ v \L
Complex structure > Hermitian strue» —Kihlerian strucw
ture ture
84y, With 2 qrm«:o
. I
i e e,

In an slmost-Hermitian space, it is easily seen frem {1+5) and
{18) ‘&ha‘k it Vj P,y venishes, then the tensors raih and Hjih vanish
alsos

Conversely, since we have from (1.5) and (1.8)

el B ol

we can emsily see that if two tensors F,,, and H.’;ih vanish, then
\V4 g Py venishes alse. Thue we have [17l. '

Hermitian space be pseudo-K&h ’ he VJ T,




Let us now intreduce an affine connexion ?1 in our almoste
Hermitian space and put

(2.1) M= {n) + n

then the torsion tensor is given by

T seh h se h

Denoting by VJ the @gemtion of covariant differentiation with
respect 40 rl;i. in order to have vj Bip = Oy 4% is necessary and
sufficient that we have

(243) Ty0an) = Os

which is eguivalent %o

(244) Zyin = Syap * Spyg * Spgee
where
(2.5) % 0h def msgk 8ne Sy def s};k Sin®

On the other hand, inbrder to have V3 Byp = 0 it is necessary
and sufficient that we have ‘

° 1 1
(2.6) NVyPin =231 Fop=2p Fyy =0

or what amounts to the same
° 1 o1
We cannot solve equation (2.7) without putting further conditions
on Tsih' Putting some further conditions on %w or rather on

: def ol

we shall try to solve equation (2.7) with respect %o Tyip+ Trom now on,
we assume mlyvj rm = 0 and not :73 8in = (¢ 18



We first aseume that
/

(3e1) @j(ih) = Oy
then we have from {2,7)
(3.2) & S AR
or. |
7 o
(3?3) ij L ‘% (Vj ?11)3'{3‘1

and consequently , .

From {3.4), we get
(3+5) 5;; ﬂ’x“hﬂ”%(‘;z Py 1)?:“1&

Since ¥, ?*3* = gy and consequently
(Vv Byp)Pgt + r;f‘(vj 7q)= 0,

equation {3.3) shows that 2 (qn)y= © and mmm&mﬂy the connexion is
netric and we have

(3.6) Vj 8p =9 o Vj By = Oo
Prom (1+9) and (3.3), we find

(3s7) W/g:m =d Wy, =Tt Py g

. Time we have, for an almost-Kihlerian space,

(3.8) ’l’;:m 1.9

for a peeudo~flermitian epace,

(3.9) Ty = =3 P T g0

end for a ym&wmzam space,



e

In the last case the conmexion ?i becomes Riemannian.
In a Hermidian space tensors 84y and F;%ﬁavu the components

» 0 g . s % 0
(311) 81y= . e x
& b'e 0 0 e,
regpedtively and consequently the temsors ¥,, and pih def gil E,ih the
components
0 ~ig 0 + ig *
(3.12) Pyp= x , P

respectively with respect to a complex coerdinate system (zz, z zx)u
where the Greek indices x, , 5 4 run over the range 1,24eeey0
and Xy 4 F S the range M+ly B+25000 92N

Tms for the Christeffel symbels ;& we have 4!

(3.93) * =8 * ( &8y , % 8% & % 29,
b 4 = g = 8

and four similar ewpressions foxr = . oy = and * .
We shall demote in the following by the asign "conj." the fact that we
have siniler formlas ss complex conjugates of the formmlas already
written.

For the tensor ?Jih and 4 xih we have respectively

(3.14) P _=+21 & conje
r ,=+21 _8& conj.

4) See for example Jehe aahﬂntan 1% 5 Pe 3964



and
] @OHJQ
F‘x = O conge
Thus for the temsor (3.4), we have
(3.16) *F =0, 2 2w T , ¥ 20, 2F =0 conje

and consequently, for the components of the affine connexion

h h sl
(3117) Ji = ji + m;ﬁ. ?
we have
(3&118) - * e % $ = e 2 cone

the other s being zerc.

This is the effine comnexion introduced by A. Lichmerowicz 12
in san almosi-Hermitian space. In a Hermitian space, this connexion
seems to be a natural one because this connexien is ¢btained from
Riemannian commection 5y = 3 Tequiring ; F" = 0, that is,

regquiring = g ° 0y the other *s keeping the same values.

In a classification by 3cheuten ( 15 p. 396, formila (3+6)),
this corresponds to the case

(3419) g*** =0, 8% ==4 g * g 8°*% =0, eonj.

We next assume that

{4e1) P {J4n) =0
then we have from {2.7)

(4.2) mﬁha*%( 3:?%* 1 Fyn - hrm)

or



B

(443) T =t 30 By 7, - ROR
and consequently

- peel
(404) SR O R IR M R

Prom (4+4), we get

) w h tah ]
{4+5) S I e AT R Rt
From (4+3), we find
\ _ pel ol

Thus combining (1.9) and (4.6), we find
(4.T) Tjih = 3 ghﬁi -3 ?31 I

Tims we have, for an slmost-Kihlerian space,
(48) PN
end for a pseudo-Hermitian space
(449) Typ = - 3 L Ry

_In the case of pseudo-Hermitlan space, the tensor ?3111 satisfies
{2.3) and consequently the commexion ig-metric and we have

Pinally we have, for a pseudo-Eihlerian space,
{4.11) Piqn = O

and the connexiom becomes Riemannian.
In a Hermitian space, in addition to formulas (3¢11)={3.15),
we have following expressiens for 3 Fint

{4.12) P =0, P, =0, P =0,

33“"'23- conge



Phms, for the temser ?31' we have

waox m@ x 8

. conde
(4213) 7 =g T & ' conje
2°°% =0, conje
7°F =g ¥ & . conj.
and consequently for the comnexion
ww Wk em
we have
(415) .8 & X .0, * 20, * =0, conje

This is the affine connexion introfuced by Jehe Schouten and
Ds W?)thg 16 and used recently by 5.8, Cherm 2 and P. Libermanm
10 1.

In a classification by Schouten, { 15 , p. 396, formula (3.6)),
this corresponds to the case

{(4416) gt =g £ 8 T=0, 8% =0 conj.
§ 5¢ Zhe Ere cONnexLODe
We finally assume that
then we have from {2.7)
or .
; » L
(5.3 ﬁ'ﬂh =+ Py~ 3 ¥~ ?1:3-} 5

and consequently
(544) 5@3;} =% 3 Fip = 4 yxi A | Wu) Ll
5) See also G. Legrand 9 .
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Fron {5.4) we get
{545) st =25t - mt
From (5.3) we find
(9.6) T = A P ) B g my el Ry

bining (5+3) and (5.6)y we obtain |
(5.7 o= B Hygy + Lol N Bt ny Sl PR R
Oa the other hand, we have frem {1.5) &
(5+8) il A N R LI e
Substituting this dnte (5.7), we £ind
{549) Typ = F Wygy + 3750 r;l ek Taee
Thue we have, For an almost-XEhdeiisr
(5410} yan = 8 ¥gan
snd, for a pseudo~Hermitian spaces

spacey

fermitian ww the #m ‘!g is sntie
«3) and the

Pinally we havey Tor a peeunds ol

m a w«w* we W@, for the tenspr % $




o

R g ® conge
wcmm = - g z v conje
(5+14) I '
b conje
X
pte® _ L. & eonjs

and consequently, for the components M the affine connemtion

{5.15) ?i = ’?& + ﬁggh : w
we have 4;;% |
(s.16) * =6 & % .0, * o0 Fa268 g

conde

In & classification by Jede thm { 15 Pe B%Q :t‘mm'ia {3e6))s
this corresponds to the ¢ase

(5.17) 8 * =8 & L8t =.E &

s&’x - @’ . s“
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